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Introduction

Introduction

Subject of study

» We study Lk, a random variable taking values in R such that

K
Lk =Y g<x
k=1

with K € N*, X random variable with law v and (cx)ken+ @ sequence of
independent random variables and independent from X.

Motivations
» Simulation methods (Monte Carlo) for the computation of : E[f(Lk)], quantiles,
etc...
» If K is large, the simulation cost of Lk is high.
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Introduction

Introduction

Objectives

» Propose a polynomial chaos expansion (truncated to order N € N) for the
indicator and so for L :

K N
1g<x = Z% Ck)pn(X) ~ Zw c)pn(X),  Lxn=D_ > n(ck)pn(X)

n=0 k=1 n=0

where (pn)nen is an Orthogonal Polynomial Set (OPS) for v :
E[on(X)pm(X / Pn(X)Pm(X)V(dX) = Anlnm.

Interest of the chaos decompositions

» Gaussian Approximation fyﬁ , of Zfﬂ ~n(ck) which satisfies a CLT when ¢ are
independentr.v.and K — oo :

KN_ZF)KP”

with (’y,%n),,:o“_”/\/ a Gaussian vector and N << K. Parameters computed only

one time and not for each simulation.
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Introduction

Introduction

Organisation of the talk

» Chaos decomposition of the indicator function 1.« x.

» Chaos decomposition (truncated) Lx.y = S K_ SN yn(ck)pn(X) of
Lk =1 1 1g.<x-

» Meta-model £ \, = SN_ v pn(X) for Lk in the Gaussian Copula model
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Chaos decomposition of the indicator function
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Chaos decomposition of the indicator function

Indicator function

Chaos decomposition

» Consider a probability measure v.

» Condition of existence of the OPS (pn)nen for v : There exists x > 0 such that
/ e"Xlu(dx) < +oo,
R
Under this condition
(Pn)nen is orthogonal for v
hp = Hanfz(R’V) = fmpn(X)Pn(X)l’(dX) < +o0,

(Pn)nen is dense in L3(R, v)

» Forevery f € L? (v), the following Polynomial Chaos Expansion holds

2(,) IX (f,pn) 2
( )Z%’,Pn, = )
2 PnlE,,
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Chaos decomposition of the indicator function

Indicator function

Preliminaries

» Framework : ¢ deterministic in R and X random variable in R with law v~ such that
v(dx) = w(x)1,,(x)dx. Classical Orthogonal Polynomial Set :

[ COPS [ Hermite ] Laguerre [ Jacobi [ Legendre |
Param. a > —1 a, 8> —1 a=8=0
v N0, 1) Gamma(a +1,1) | 1 —2Beta(a + 1,8+ 1) | U(—1,1)
Pn(X) Hen(x) Ln(x) Jn(x) Len(x)
lw (7oo,j2Loo) (0, +00) (—1,1) (—1,1)
-% o g—X _x)™ B8

» Objective : For ¢ € Iy, study the PCE
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Chaos decomposition of the indicator function

Indicator function

Choice of polynomial basis

Let X with law v and denote W, (¢) = P(X < c). Let v; be a COPS measure, we
denote Ty, = V,.' oW, and then Xy, := Ty, (X) ~ vy

Te<x =17, ,, (<X,
Denoting g = V. (¢),

Yo @ex = 1w;ﬂ(q)sxu1
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Chaos decomposition of the indicator function

Indicator function

Proposition - PCE for the indicator function of a COPS

Let (on)nen be @a COPS w.rt. v (dx) = w(x)1y,(x)dx, and let ¢ € I,. Then,

+0o
Vx €y \{c}, To<x = D vn(C)pa(x),

n=0
with vo(c) = v((c, +o0)) for every n > 1,
% Hey_1(0)
_ e 2 He,_q(c o
'Yn(c)*T if v =N (0,1)
—1

yn(C) = _ (0= D s e L V(c) if v = Gamma (o + 1, 1)

rﬂ+a+1

Ya(€) = Cala, B)(1 — )M (1 + )P It TE ) (0)  ify =1 —2Beta(a+1,8+1)

n

(@ntat B+t o1 gyq (=D
2a+B+2r

with Cp(a, B) = nta+1Tneg+1

Idea of the proof : Use the Rodrigue’s formula pn(x) = n,,Jv(x) (?x" [F(x)"w(x)] where

F (pol. of degree < 2) and «, are known explicitly for COPS.
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Chaos decomposition of the indicator function

Indicator function

For OPS, ppy1(x) = (Anx + Bp) pa(X) — Cnpn—1(x), n € N* where Ap, Bn, Cy are
constants with A, > 0, Cp > 0.

Proposition - Reccurrence relation for the Chaos coefficient

Let (pn)nen be @ COPS w.r.t. v (dx) = w(x)1,,(x)dx and ¢ € v = (a, b), then

h,
1 Yn11(€) = Cnia 7,7%(0)

h
Yn+2(€) = (Bny1 + An1€)
hni2 hny2

h b
+ 2 At [ (0
n+2 c

Moreover, there exist Dy,n, Ev,n, Fu,n (Dv,n, Fu,n > 0) such that

Ynt2(€) = (Dv,n + CEv,n)vny1(€) — Fu,nvn(C),
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Chaos decomposition of the indicator function

Indicator function - L, truncation error

Let us define

N 213 +o0 3
EN(E) =E |[locx = D m(@pa(X)| | =] D havn(c)?
n=0 n=N-+1
If v is either N'(0, 1) (Hermite), Gamma(a + 1, 1) (Laguerre) or 1 — 2Beta(a + 1, 3 + 1) (Jacobi)
1 1
N~%,  |c| € [0, (4N)2],
N1/24 139
_é v lel €1(2N)2, N14],
Eu,N(C) =e 4 |C|%
lc|1/3 20
Ni9/72 [c| € [N14, +00).
a1
c21a
. W’ c € (0, (4 —n)NJ,
E, N(c) =e 2
’ a5
cz 12
N c € 2N, +0).
1
244/ 1)2 1)2) 2 a1 .1 1
Eon(e) = [ = et 1)P+(E+1°) —o)2ti(1+c)2tAN"2, ce[-1,1].
20+BBo 11,511
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Chaos decomposition of the indicator function

Indicator function - L, truncation error

Proposition - L2 approximation

Let (on)nen be a COPS w.r.t. v (dx) = w(x)1,,(x)dx, and ¢ € Iy, then there exists
A > 0 such that

N
Tocx — 32 n(C)pn(X)
n=0

27 2
EN(C) =E |: :| < AEV,N(C)'

Comparison of polynomial basis
For g = V¥, (c), and vy a COPS measure, and X,, = \111711 oW, (X),

o 1@<x 1\u;1‘(q)sxu1

To compare two COPS, we compare their L, error, 5,\,,1,(\I»';1 (9)) and (W,;1 (9))
forg € (0,1).
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aos decomposition of the indicator function

Indicator function - L, truncation error
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FIGURE — L2 error En(c) for ¢ = W '(q) for the COPS w.rt. g € (0, 1) and for N € {20, 50}.
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Chaos decomposition of the indicator function

Indicator function - L, truncation error

Proposition - Extreme quantile

Let N € N fixed. Take ¢(g) = W; '(q). We have, for the Hermite polynomials

5 1
Cling|%2 q2, (g —0t),
E..n(c()) ~ { |\ ,
Cin(l—q)z(1-q)z,  (g—1°).
For the Laguerre polynomials,

2a+1
Cq#e=m, — 0t),
EV,N(c(q))~{ Y ) - =
Clin(1—q)|1z (1 —q)z, (@—17).

For the Jacobi polynomials,

c f[3+1) ( +)
lgFEER) qg— 0t),
E. n(e(q)) ~ { et

C(1 —q)*F+, (g—17).

20-05-2021

15/27
Clément Rey Joint work with Florian Bourgey and Emmanuel Gobet Meta-model for sum of indicator random variables



Chaos decomposition of the indicator function

Indicator function - Extreme quantile

Best polynomials when g — 0™

2By+1

@ Jacobi when oD

1 1
>z a<Bs— 3,

@ Hermite polynomials when ay > 8, — 4,

@ both Hermite and Jacobi when oy = 8 — 1.

2By+1
ay+1

20 5+1

Worst L2 estimates for Jacobi when .
aja+1

<

Best polynomials when g — 1~

20 +1
4(By+1)

@ Hermite and Laguerre when 8, > oy — 3,

@ Jacobi when >lepi<as—1,

@ All polynomials when 3, = ay — % (up to some logarithmic error terms).

Worst L2 estimates for Jacobi when oy < 8y + %
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aos decomposition of the indicator function

Indicator function - L, truncation error
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FIGURE — L2 error for the COPS w.r.t. small quantiles g € (10’4, 10’3) (left) and large quantiles
qge (1 —1073,1 — 10*4) (right) for a fixed N = 50.
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PCE for a sum of indicator functions
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PCE for a sum of indicator functions

Sum of Indicator functions - L, truncation error

We consider (introduction of deterministic weights /)

K K N
Lk =) hlg<xs  Lrn=D_ k> ¥n(c)pn(X)

k=1 k=1 n=0

1
2

and Ey(c) = E { Teex — Xnlo ’Yn(C)Pn(X)ﬂ

Proposition - L, truncation error

Assume (cx)k=1,... .k iS a sequence of independent random varibales taking values in
Iw. Then

1 K
E [(ﬂK = CK,N)Z] © <> RE[EN(eK)],
k=1
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Meta-model for a Large sum of indicator functions
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Meta-model for a Large sum of indicator functions

Meta-model - CLT

Recall Lk v = S0 o Sket kvn(C)Pa(X)-

Consider the random vector ek := (ex,n)n=0,...,n for N fixed, such that

K N
ekn= kwm(ck), SO  Lxn=_ exnPn(X).
n=0
and
pk,n =E [ex.n] Z/k]E [vn (c)] s
k=1
K
>k n,m =Cov (eK,m 6K,m) = Z l}%COV (vn (ck),vm (ck)) -
k=1
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Meta-model for a Large sum of indicator functions

Meta-model - CLT

Proposition - C

Assume that

=il

1 o . =M o X x|

IZc'll sup fg ———0 with [X, | := sup @ ——
1<k<K = K—+oo XxERN+1 x=£0 x|

Then, the vector e satisfies the following Central Limit Theorem
—1/2 d
P2 ek — pr) —2— N(0,Tdn1)-
K— oo

We introduce the Gaussian approximation for ek :
&S = (e%n : nzo,...,N) ~ N (ke £ s

leading to the meta-model
N

‘C%N = Z 6(/%,np” (X).

n=0
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Meta-model for a Large sum of indicator functions

Application to a Gaussien Copula model

Consider
e K=5x10%.
@ Letp=0.1,p=0.01, and

] X,E1,...,€K,i.i.d.N(O,1).
o | =1/Vk.

The Lindeberg condition holds as supy<x<x /2 = 1and 3% 1 = +oo.

Simulation cost : About 17 times faster (when N = 3) than a naive Monte Carlo.
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Meta-model for a Large sum of indicator functions

Application to a Gaussien Copula model
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FIGURE — Histograms of ek ; with the p.d.f of A" (E [ex ;] , Var (ek,i)) for N € {1,3,6,9}
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Meta-model for a Large sum of indicator functions

Application to a Gaussien Copula model
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FIGURE — Distributions of L%N forN=1¢€ {1,3,6,9}and Lx = L
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Meta-model for a Large sum of indicator functions

Application to a Gaussien Copula model
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Meta-model for a Large sum of indicator functions

Thank you for your attention!

@ With Florian Bourgey and Emmanuel Gobet. Meta-model of a large credit risk
portfolio in the Gaussian copula model, SIAM Journal on Financial Mathematics,
2020.

@ With Florian Bourgey and Emmanuel Gobet. A comparison study of
polynomial-type chaos expansions for indicator functions, 2021, Hal.
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