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What are rare events?

dXt — b(Xt)dt = J(Xt)ﬁdwt
I

C' deterministic small Brownian
vector field parameter motion

Stable equilibria
® ®

Stable limit cycle
More complex attractors



Where nongradient SDE models come from

dXt — b(Xt)dt = J(Xt)ﬁdwt
Biological and ecological models

A Life cycle of phage A

“ Genetic switches Aphage / O? OOOOOO
DNA ’LYS_iS_ A \\3 xS Maintenance
Lambda Phage (Shea et al. (1980s), Aurell < *{ ‘?gﬁi}?‘”’—t@%@
and Sneppel (2002)), 2D —af & | e,
. : base plate - erg Wi ysogeny mai Crg\\
Two-state gene expression model with dB  THer <33 3 \- P l_'? 5
positive feedback (Lv et al. 2014), 3D ‘?gﬁ T }

* Population dynamics

Dynamics of savanna landscapes (Touboul
et al. 2017), 3D or 4D

Consumer-resource model (Collie &
Spencer (1994), Steele and Henderson
(1981)), 2D




Gradient SDEs

dx = —VV (z)dt + - /25 1 Arrhenius formula (1884):

Rate X e_ﬂ(vsad_vmin)

Gibbs (1839-1903) measure:

u(z) = i
Kramers’/Langer’s formula:
1940 1969

')\| det Hnin o—B(Vsad—Vinin)
R -L- ~ sad min
= \det Hsad‘



Large Deviation Theory

Freidlin and Wentzell, 1970s

dr = b(z)dt + /edw

Freidlin-Wentzell action functional

5r(6) =5 [ 16— bl)IPde

Transition state

Quasipotential
Ua(w) = nf (Sr(9) | $(0) € 4, §(T) = 2}

Expected escape time

e Ua(x)/e
TA(D) = :vlé%fDe




Nongradient Case

Hamilton-Jacobi-Bellman

PDE for the quasi-potential Bl
%HVUIF “hl) wi—h
Ux)=0, x€ A
Minimum Action Paths e
/ " 5 of
@) || VU®") + b(y™) dx/dt = b(x)
Orthogonal decomposition
1 oL . :
b(z) = —5VU(z) + i(z) | §VU(¢ el
T %VU(w) ) de

1
— =—=VU [
(z) L VU () dt 2 g



Goal: develop methods for computing the quasipotential

The quasipotential computed in a whole region
allows us to estimate:

- expected escape times from the basins of attraction

* maximum likelihood escape paths (global minimizers in the
path space)

* quasi-invariant probability measures near attractors
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Direction 1: Path-based methods

E, Ren, Vanden-Eijnden: MAM (2004)

Heymann and Vanden-Eijnden:
GMAM (2008) (numerical
minimization of the geometric action

Zhou, Ren, and E: AMAM (2008)
(numerical minimization of the
Freidlin-Wentzell action)

L. Kikuchi et al. (2020) Ritz method
for paths and quasipotential for rare
diffusive events. Makes use of
Chebyshev basis.
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Maier-Stein model, 1990s



Cameron, Dahiya, Yang, Potter, Paskal (2012,2017,2018,2019,2021)

Direction 2: computing the quasipotential

Freidlin-Wentzell action

/ 6 — b(e)|[2dt

Ua(z) =

mf{ST

) | 6(0) €

A, ¢(T)

r}

Analytic
minimization
in time

Y

A point up-

for-up

date

The exact MAP to it

&7 )

Geometric action

/nwnb ) — ' - bp)ds

= EREOIIOR ) o)
-
e | |

Our solvers are classified according to:
- Interpolation of U between xo and xi
- Approximation of characteristic to x

U(z)

- Quadrature rule to approximate action s

><\J

\4 e
/
° e+ —o ] ® o
Xo X1
/
/o *—=o ® ° ° ° o——eo ° ® .-
The exact level-set of the quasipotential
el e e B Bl




Ordered Line Integral Methods

4 types of mesh points:

0.5¢
Unknown: U is not available
- ils Considered: U is tentative
_ 28
Accepted Front:
U is finalized,
-05¢ has Considered nearest neighbors

Accepted: U is finalized,
1 | | , , no Considered nearest neighbors




One-point and triangle updates

The minimization problem for the quasipotential a
L Q(a, b)= quadrature rule:
S@) = [ 11w - ¢ -bl)ds Right-hand: OLIM-R
0 Midpoint: OLIM-MID
U(z) =inf{S(v) | ¥(0) € A, ¥(L) ==z} Trapezoid: OLIM-TR
L Simpson: OLIM-SIM
Approximate S(y) with a quadrature rule N~ <

One-point update

Xo. r\x Q1pt(330, Bl = U(wo) I Q(x()a $)>
I U(x) = min{let(xO, ZB), U(IL’)}
X Triangle update
O

QZpt(xOJ L1, CC) o

\. min {UO—I—S(Ul —U())—I—Q(ZCS,ZE)}
\. s€[0,1]

X0 Xs X1 U(ZE) = min{QQPt (an L1, CC), U(CC)}
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X1

Simplex update

The midpoint rule
is optimal in balancing
CPU time and accuracy.

Simplex update
constrained minimization problem

min {Uy + 6U " A + |bial| |z — 2| = by (@ — 22) }
SU.bjeCt to )\1 Z O, )\2 Z O, )\1 T )\2 S 1
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Making the solver efficient

* Hierarchical update strategy

+ Routine 1pt update
+ Minimizer of 1pt update —> triangle update
+ Successful triangle update —> simplex update

+ Use the KKT theory to reject simplex updates that are unlikely
to succeed in finding an inner point solution

+ Starting point = minimizer of a triangle update
+ Check sign of Lagrange multiplier,
+ Reject simplex update if the KKT criteria are met

* Restrict the set of admissible simplexes and devise a fast
search for them
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KK test
The problem being solved

min f(A) where f(A)=Ux+ |[[bmallllz — zall — bma - (z — z1)
subject to A\ >0, X220, 1—X1 —XA3 >0

Lagrangian function
LA p) = f(A) — padn — pade — ps(l — A — Ag)
The KKT necessary optimality conditions

VAL(A,M)ZW—MH]—“2[2]_”3[:”:[8]

e 0 s = W g )
2 e 2 I S
)\1/,L1 — 0, )\Q,LLQ — O, (1 — )\1 = )\2),&3 =)

Our test: (A*,0)=initial guess. FHeace: @ fix 0 =0 jii =0, 13—
triangle update minimizer

If O, f()‘*a 0) = p2 < 0 do simplex update
If Ox, f(A",0) = 2 > 0 skip simplex update

14



19

21
Restrict the set of -

4 : 14
admissible 5 o\\ -

simplexes and devise : N2 .
a fast search for them \‘k:\-l\.
9 0 6

X4

\

e
X
v
B g

//
X2
X5




Performance tests



diUl = (—2:131 = 10332)dt - ﬁdwl
dZCQ = (20331 = Cﬁg)dt - \@dwg

2D test problems

Linear

[ Doy 1) = e E i

1-

0.5}

-0.5}

-1
-1

—— Exact MAP

- - Computed MAP

-0.5

0

X

1

0.5

Circle

dr, = (z9 + 21 (1 — r?))dt + /edw;
dro = (—z1 + z2(1 — r?))dt + v/edwo

7“2 e x% —I—xg

—— Limit cycle
—— Exact MAP
- — Computed MAP




CPU time

OLIMs vs OUM

Linear
103?
F —+—R
, —« MID
Al TR
10 ——SIM
—=—0OUM
101§
10°|
107
-2
10 LT T
107° 1074 1073 1072 10

Max Error

CPU time
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Max Error / Max U
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2D performance test

Mechiside o N 3365 199 | D5, 510
& 41 6 s 10 14

NOE

Hl(aj) H +Linear, O < E< \/3, Emax = 0.18h0.75

I3

VU(CE) || —»Linear, O < £ < /3, Emax = 0.08h066
Linear, O < £ <10, Emax = 12.3h149

—®~Nonlinear, =1, Emax = 0.63h099

" Nonlinear, £ =10, Emax = 19.4h154

An interesting observation:
Large & leads to a faster

convergence rate.

33

65 129 257 513
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Applications



2D systems with hyperbolic periodic orbits

1.5+ Molei Tao’s
1- examples,
05 - 2018
<> 04 o
= X
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-1 4
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1
0 _q 1 0 1
X
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NCro

2D: Genetic switch in phage A

Lytic state:
phage 4 Kills

250

200 |

150 |

100

the host ch’rerium

AARRRAN
AN

150 200? 250

0.05

10.045

10.04

10.035

10.03

0.025
0.02
0.015
0.01
0.005

SDE model: Aurell-Sneppel, 2002
dXt = b(Xt)dt el J(Xt)ﬁdwt

30 0.05
10.045
> The found {0.04
= transition state 10.035
10.03
28 15 The MAP 0.025
0.02
10 0.015
. 0.01
0.005

(1)00 O

Lysogenic state:
phage A reproduces without

Killing the host bacterium
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We also found the prefactor
using Bouchet-Reygner formula



3D: Genetic switch model with a positive feedback

Ly kbl 2014

Yo + kod : .
dn = (bm — y,n — 2%1n? + 271d) + vedws, m = #mRNA, n = #protein, d = #dimer

dd = (k1n? — v1d) + Vedws.

dm = (aofyo 5 gt — Wmm) + vedwy,

e
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lL.orenz’ 63

dx o‘(y—gj)
dz zy — Bz

Some critical values of p:

p = 1: the origin turned from a sink to a saddle, equilibria C, and C.

at (i =k )y P — 1) are born

p = 13.926: “preturbulence” starts (Kaplan & Yorke, 1979)
p = 24.06: the strange attractor is born (Yorke & Yorke, 1979)

p = 24.74: equilibria lose stability

24



Nongradient case

Lorenz’63, - =10, = 8/3, p=0.5.

Surfaces: level sets of the quasipotential (U = 20, 40)
Indigo curves: trajectories
Dark red curves: MAPs




=1

Surfaces: level sets of the quasipotential
(U = 10, Uorigin - 0.05)

Indigo curves: trajectories

Dark red curves: MAPs
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Surfaces: level setfs of

the quasipotential

(U =8, Uiinit cyeic - 0.01, 20)
Indigo curves: trajectories
Dark red curves: MAPs



p=15

The quasi potential computed

A 2D mesh on manifolds near which

2D mesh
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50 -,

40

30 —

o 20|

10 —|
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Surfaces: level sets of

the quasipotential

(U = Uiimit eycle - 0.01, 2, 20)
Red loops: limit cycles
Green curves:

borders of manifolds
whose union approximates
the strange attractor



p = 24.4: from the strange attractor to stable equilibria:

which way we go?

50 —

40

30 —

N 20 —

10

A0
-20 -15

c1.5 0.016
g Ui =1.47e-2 s Up=1.54e-2 0016
o 0.014 3 0.014
©
3 0.012 2 0.012
§ 0.01 1l 0.01
qc) 0.008 ) 0.008
K
05 0.006 -1 0.006
= 0.004 21 0.004
()]
AC) 0.002 -3¢ 0.002
[$]
E 0 0 -4 . . 0

0 20 40 60 80 100 120 140 -5 01 5

Arclength along the trajectory emanating from the origin v
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Recent advances: promotion to higher order

Three test problems

Max Error

Max Error

/]

Max Error

//2

m-2;
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Joint work with Nick Paskal (2021)

e e 32 a —2y
b(x,y)——§[ 2y :|+§[4$—|-3$2

Characteristic is approximated
—_— by a cubic curve
Action is approximated
by Simpson’s rule

«—— U is Hermite-interpolated

Search for the fastest characteristic
is done by a scheme inspired by
Mirebeau’s
adaptive stencil refinement



Open problems and perspectives

* Mechanical systems with external forcing and small

noise
G e e — A e =00

* Going to higher dimensions by making use of

methods coming from data science and machine
learning (geometric methods (diffusion maps) and
neural networks)
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