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Motivation from Statistical Physics

Current large deviations in lattice gases/dynamic phase transitions
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Motivation from Statistical Physics
Current large deviations in lattice gases/dynamic phase transitions
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density p [Giardina et al. (2006)]
J(p) typical current , j < J(p) atypical current phase separation
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Sequential Monte Carlo methods

initialising weighting  resampling  perturbing weighting
I
- - geeee -
- - geee - -
Y S
t=0 t=1 t=1 t=1 t=

[D. Alvares, PhD thesis, researchgate.net]

Particle filters
[Crisan, Lyons (1997); Del Moral, Miclo (2000); Del Moral, Doucet, Jasra (2006); Rousset (2006); . . .]

dynamic rare events/cloning algorithms
[Giardina, Kurchan, Peliti (2006); Lecomte, Tailleur (2007); Pérez-Espirages, Hurtado (2019); .. ]
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Mathematical setting

Continuous-time Markov jump process (X;:t>0), P, E,
state space [, locally compact Polish space (e.g. R, N or {0,1}%)
transition kernel W (x,dy) , w(z) = [, W(z,dy) < < oo

generator / Wiz, dy)[f(y) — f(z)], feCy(E),z€kFE
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Mathematical setting

Continuous-time Markov jump process (X;:t>0), P, E,

state space [, locally compact Polish space (e.g. R, N or {0,1}%)

transition kernel W (x,dy) , w(z) = [, W(z,dy) < < oo
generator / Wiz, dy)[f(y) — f(z)], feCy(E),z€kFE
distribution

o) = By [FX0)] with Cpalf) = (L) s f € ColB)

Assumption. Asymptotic stability
There exist C' > 0, a € (0, 1), such that for all o € P(E)

le(f) = poo (|| < Cllflla, t>0),

where i, € P(FE) is the unique stationary distribution.
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Feynman-Kac model
potential V € C,(E), LYf(z):=Lf(x)+V(x)f(x)

Feynman-Kac measures (v; : ¢t >0) where 1y = pg

W) = B [FX) B VO8] vith () = m(£2 )

dt
non-conservative LV1(z) =0+ V(z) #0
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Feynman-Kac model
potential V € C,(E), LYf(z):=Lf(z)+V(x)f(x)

Feynman-Kac measures (v; : ¢t > 0) where vy = pg

V) 1= By [ (X V0] it () = w2 )

non-conservative L£Y1(z) =0+ V(z) #0

principal eigenvalue )\ € R with left eigenvector ¥, € P(E)

t—o00

1
lim —loguy(1) = A = uZ (£V1) = pui (V)
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Feynman-Kac model
potential V € C,(E), LYf(z):=Lf(z)+V(x)f(x)

Feynman-Kac measures (v; : ¢t > 0) where vy = pg

W) = B [FX) B VO8] vith () = m(£2 )
non-conservative L£Y1(z) =0+ V(z) #0

principal eigenvalue )\ € R with left eigenvector ¥, € P(E)

1
lim —loguy(1) = A = uZ (£V1) = pui (V)

t—o00

normalized measures Y (f) = w:(f) :== vi(f)/ve(1)

%Nt(f) = [t (ﬁf +Vf - ut(V)f) (%)

asymptotic stability ||u(f) — pX (/)| < Cllflle’, t>0, «c(0,1)
T TTE



McKean interpretation
Cn0) = (L5 VS = ) f) = pu(LS + B )
McKean process (X(t):t > 0) on E with generator £, := L + L,
Euf@) = [ W) (f6) - /@) ne P(E)

such that (L, f) = p(Vf) — n(V)u(f) -

holds if and only if p(W (., z)—W(z,.)) =V(z) — puV)
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McKean interpretation
D) = (L VI = V) = (LS + L)
McKean process (X(t) : t > 0) on E with generator £, := L + L,
Euf@) = [ W utds) (f) = f@)) . e P(E)

such that (L, f) = p(Vf) — n(V)u(f) -

Sufficient condition W (y,z) — W (z,y) = V(z) — V(y)
Examples for constant ¢ € R or ¢ = (V) (using g=g" —g")
1. Wi(z,y)= V(@) —c) + (V) —c)"
2. Walw,y)= (V(y) = V()"

+
3. Wg(x, y): (V($) - M(V)) (V(y) _ ﬂ(v))
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Particle approximations
(&, :t>0) on EM with PM, EM M “clones’ &;,...&" run in parallel

Estimate j; by the empirical measure /' := m(g,) with

m(z)

EI

M
Z as a distribution on E' .
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Particle approximations
(&, :t>0) on EM with PM EM | M "clones’ &,...& run in parallel
Estimate 11, by the empirical measure ;" := m(,) with
LM
m(z)(dy) := i Zézi (dy) as a distribution on E .

i=1

Mean-field approximations for a given McKean model £, = £ + ZM
Mo
LYF(z) =Y L0 Fz), FeCEM
i=1

where ESL)@) acts on z¥ v F(x!, .. 2t . 2M).
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Particle approximations
(&, :t>0) on EM with PM EM | M "clones’ &,...& run in parallel
Estimate 11, by the empirical measure ;" := m(,) with
LM
m(z)(dy) := i Zézi (dy) as a distribution on E .

i=1
Mean-field approximations for a given McKean model £, = £ + ZM
Mo
LYF(z) =Y L0 Fz), FeCEM
i=1
where ESL)@) acts on z¥ v F(x!, .. 2t . 2M).
Flz)= f(z:) = LMf(x;) = Lo f (i)

M
Fla)= 33 f) =m@ () = £Mm@) () = m(@) (L)
i=1
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Cloning/Killing interpretation

AV/ o N
// |9) //\ // e U// ,/ ”
a —6—* — >
Q"’ 7’ 7 /, /, /, /,
Oo(\/// - , - 2, -— , -— . >
\& ’ - Y . . /X e . - ’ - >
X — —x - >
time
O Mutation X Cloning
LMF(x Z/ W (z;, dy) (F(z"Y) — F(2))
| M
+Z MZ(F(.%‘]T ) — F(x))
j=1
| M
> 7 22 (P = Flo)
May 21, 2021
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Martingale characterization

Stochastic analysis to characterize fluctuations:

M) = F(e) = Fl&,) — [ 2P )as

is a martingale on R with (predictable) quadratic variation

(M¥(t) = / IMFE(E )ds,

0

and carré du champ TMF(z) := LM F?(z) — 2F (2) LM F(2) .
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Martingale characterization

Stochastic analysis to characterize fluctuations:

M) = F(e) = Fl&,) — [ 2P )as

is a martingale on R with (predictable) quadratic variation

(M¥Y(t) = / Y E(E )ds

0
and carré du champ TMF(z) := LM F?(z) — 2F (2) LM F(2) .
Mean-field approximations with McKean model £, and T,

Fla)=m@)(f) = TMF@)=3om@) (T )
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Main convergence result

Assumptions

For a given McKean model £,, on E we assume that the sequence of particle
approximations (£ :t > 0) on EM with generators £ (and associated I'M)
satisfy for all f € Cy(FE) and F(x) = m(z)(f)

(A1) LMF(z) = m(z)(Lin(yf) forall M > K
(Consistency)

(A2) TMPp(z)= %m(;) (Gm()f) +O(55z) as M — oo

where sup sup ||GL(f, f)]| < oo (Concentration)
neP(E) |flI<1

(A3)  almostsurely, sup [{1 < i< M:& #¢& <K
>0

(bounded jumps)
(A4)  &,....&" ~pgiidrvs
(initial condition)
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Main convergence result

Convergence of estimators (LLN)

Assume asymptotic stability and (A1) to (A4) for a particle approximation /.
Then for all f € Cp(E) the systematic error is bounded as

sup ’IEM [ui\/[(f)} — ut(f)‘ < % for all M large enough ,
>0

where p:(f) solves (), and the random error for all p > 2 as

p11l/p C
wt ()~ M (] < Q”Mf” .

sup EM {
>0
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Main convergence result

Convergence of estimators (LLN)

Assume asymptotic stability and (A1) to (A4) for a particle approximation /.
Then for all f € Cy(E) the systematic error is bounded as

sup ’EM [u,{w(f)} — ut(f)’ < % for all M large enough ,
>0

where p:(f) solves (), and the random error for all p > 2 as

p11l/p C
wt ()~ M (] < Q”Mf” .

sup EM {
>0

Unbiased estimators for unnormalized measures
t
A1) = ) with (1) = exp ([ v)as )
0

where  EM[UM(f)] = (f) forallt>0, M >1, f € Cp(E).
TS



Sketch of the proof

PV
o propagator O rf(z):= #{(;)) s.th. pr(f) = w(©urf)

1/ 1/p

B (| (1)~ pe (D))" < Bl () - i @10 1)[]

/p
+EM Uui” (©urf) — uT(f)!p} 1

choose T'— t < log M and use asymptotic stability

martingale decomposition for F'(z) = m(z)(f)

T
W () = ! (0) = MYT =)+ [ e (1)

o connect predictable QV with QV (bounded jumps A3)

use BDG inequality to bound moments of martingales (A2)
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Asymptotic variance

Partial result

Assume asymptotic stability and (A1) to (A4) for a particle approximation uM,
such that forsome T'> 0 and all 0 < s < T, f € Cy(E)

1 (G () = ps(Gp (f))  in a strong enough sense(?) .

Then V3 (f) == VM (f) — pr(f)) = Vr(f) inlaw as M — co. Here
Vr(f) is a centred Gaussian with asymptotic variance

E[Vr(H)?] = uo((©orf)?) + / 15 (G (@7 F))ds

where ©, 1 f is the propagator for yi; and f = f — p(f).

S. Grosskinsky (TU Delft) May 21, 2021
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More general particle approximations

Mean-field approximation

AV FaY >N
7 ) N ’ e vy 7 el
e 4 e 4 4
2/ z 4 4 AV4 N
e") b ’ Y, . A -
N\ ’ ’ 7’ ,/ 7’
RS i . . . S
O / , S P L2 S >
’ ’ 7’ ’ ’
Z Z AV4 o k4 Z N
& d “ d 7 =~ 7’ d -
7 4 e 7 4
o AV4 g
a\ \v) \v) J Ll
time
O Mutation X Cloning
Cloning algorithm [Giardina, Kurchan, Peliti (2006); Lecomte, Tailleur (2007)]
R >
/ ’ ’ 3 ,/ rd
/, /, 4 /, /, ’ ~
Q/" 7 . /x ’ ’ . [
0(\ // ,/ ,/ // ’ /l -
0 e e 4 4 /X 4 -
4 e e e e 4
Z Z Z Z 4 >
Cd
4 4 4 4 7 4
4 7’ 7’ ,/ e ,/ ~
¥ % >
time
O Mutation X Cloning
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The cloning algorithm

cloning distribution 7, on subsets of {1,..., M}

LMF(z Z / Wz, dy) > m (A)(F (@) — F(z))

AC{1,..,M}
1 M
v 0 o) 37 2 (F@™) = Fla)

7 7 /E 7 7 >
/ e ’ .7 L7 .7 ~
o 7 ’ /x ’ , , [
0(\ // // ,/ // , ,/ -
0 ( /' /' /' ’/ /K ,/' [
t{’ /, // 4 // 4 N
’ ’ , . ’ ’ -
4 4 4 e e e
x Z H, ~
re
time
O Mutation X Cloning
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The cloning algorithm

cloning distribution 7, on subsets of {1,..., M}
LM P(g Z / Wendy) 3 me(A)(F@heiv) - F(z))
AC{1,..,M}
| M
—|—Z V() — ¢ i (F(z"%) — F(z))
i=1 j=1

choose  m,(A) = m.(|A)/ () = 0if [A| > K and
M +
y —
Rx):ZmrAn):M Z'Ilﬂ'z )<C<oo.
n=0 w(a:)
For F(z) = m(z)(f) we get
o LIF(z) = LMF(z) = m(z)(Lin()f)
S. Grosskinsky (TU Delft) Limit Theorems for Cloning May 21, 2021
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The cloning algorithm

=Gmyn

o TMF(x) = 2om(@) (Do) f+0(@ — B) (b1 £())” +0(1) ) +0(5hs)

where £, f(x) == [5 (f(y) — f(2))u(dy) (A2)
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The cloning algorithm

=Gm ()
o TMF(z) = %m(@) (Do) F+0(@Q = R) (b1 £()) +0(1) ) + O (k)
where Euf(fb) = fE (f(y) - f(x)):u(dy) (A2)

generic choice  m,(n) =< |R(z)|+1—R(z), n=|R(z)]

0 , otherwise

{ R(z) — |R(z)]  n=[R(x)] +1

Selection intensities for McKean models, to minimize I',,, ) f
1. W, (z,y)= V(@) —¢c) + (V(y) — c)+
2. Wg(x, y)= (V(y) - V(x))+

- +
3. Wy YO =8W) (V) — (V)
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The cloning algorithm

=Gm )
o TMF(z) = %m(z) (Fm(_)f+w(Q — R) () F()) + 0(1)) +0(5p)
where (, f(z) = [, (f(y) — f(x))u(dy) (A2)

{ R(z) = [R(x)]  n=|R(z)]+1
generic choice  7m,(n) =< |R(z)|+1—R(z), n=|R(z)]
0 , otherwise

Selection intensities for McKean models, to minimize I',,,( ) f

M
L Si(z)= Z V(zi) —c| = ¢=median(V(z))
i=1

M

2 Sia)=y O Vi) V)| < i)

i,j=1

3. S3(x)< Sa(z)
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Dynamic large deviations
Continuous-time Markov jump process (X; : t > 0) with path space (2, P)

Additive path space observable , g € C,(E?), h € Cy(E)

T
Aplw] = Z g(w(t—), w(t)) + / h(w(t))dt
t<T 0
w(t=)Fw(t)
Assume that Ap fulfills a large deviation principle such that
PlAp/T~a] e 719 asT — oo,
with rate function /(a) € [0, o] .

Assume I(a) is convex, then  I(a) =sup (ka — ;) forall a € R,
keER

given by the Legendre transform of the SCGF
. 1 kAn
)\kzzTh_IgCTlogEm[e ’]ER, keR.

[Chetrite, Touchette (2015)]
May 21,2021  19/25



SCGF and tilted generator

V%(f) =E, [f(XT) exp (k Zthg(Xt—vXt) + kaT h(Xt)dtﬂ

Ak is principal eigenvalue of the tilted generator

L1 f(a)= /E W (e, dy) [F9@) f(y) — f(2)] + kh(z) f(x)

- /E Wi(x, dy)[f(y) = f(2)] +Vi(2) f (2)

Ly f(z)
with modified rates Wy, (z, dy) = W (x, dy)e*9®¥)  for the jump part Ly,

and diagonal potential Vi(z) = / W (z, dy) [ekg(””’y) — 1] + kh(z) .
E
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SCGF and tilted generator

V%(f) =E, [f(XT) exp (k Zthg(Xt—vXt) + kaT h(Xt)dtﬂ

Ak is principal eigenvalue of the tilted generator

Cof(x)= /E W (a, dy) [F9@) f(y) — f(2)] + k() f(x)
- [E Wiz, dy)[£(9) — F(2)] +Ve(2) f(x)

Ly f(z)
with modified rates W, (z, dy) = W (z, dy)e*9@¥)  for the jump part Ly ,

and diagonal potential ~ Vy(x) = / W (z, dy) [e*=¥) — 1] + kh(x) .
B

o For all v} = 11, asymptotic stability implies that as t — oo

1, . Lt
)\k(t) = ; lnl/f(l) = g/ u’;(Vk)ds — /\k = ,UZO(V}C)
0
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SCGF and tilted generator

V%(f) =E, [f(XT) exp (k Zthg(Xt—vXt) + kaT h(Xt)dtﬂ

Ak is principal eigenvalue of the tilted generator

L1 f(a)= /E W (e, dy) [F9@) f(y) — f(2)] + kh(z) f(x)

- /E Wi, dy)[£(y) — F(2)] +Vi(2) £ (2)

Ly f(x)
with modified rates Wy, (z, dy) = W (x, dy)e*9®¥)  for the jump part Ly,
and diagonal potential Vi(z) = / W (z, dy) [ekg(””’y) — 1] + kh(z) .
E
o Furthermore, with Ay (u, ) == - fi uk (Vi) ds
bt

Ak (bt, ) — A | < C||vk,uo‘T for all b e [0,1) .
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Particle estimators for SCGF

particle approximation (§t :t>0), with empirical measure u/

Estimator A}/ (u,t) := ds— ZVk (3]
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Particle estimators for SCGF

particle approximation (gt :t>0), with empirical measure uM
o LI RN
Estimat A t) = — ds— !
stimator A} (u,t) ) i ;Vk(és)

Error bounds for cloning algorithm

Assume asymptotic stability and (A1) to (A4). Then there exist C, C), > 0 such
that for all b € [0,1) the systematic error is

abt

‘]EM [A,Igw(bt,t)] - )\k‘ < C||Vk||(% + T) for all M, t large enough ,

and the random error for all p > 2 is

sup EM | AR (1) — EM [AY (1)
t>0

for all M large enough .

7 ¢ Collel
=TV
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The cloning factor

Jump process (CM : ¢ >0) on RT with C}” = 1, where at each selection event
of size n > —1 at time ¢ the value is updated as

cM=cM+n/M) .

o joint process (¢, C}M) is Markov with extended generator Y F(z,c)

o EM[CM]ete = 1y(1), unbiased estimator for e*+* for large t

S. Grosskinsky (TU Delft) May 21, 2021 22/25



The cloning factor

Jump process (C’tM > 0) on RT with C’(])‘/[ = 1, where at each selection event
of size n > —1 at time ¢ the value is updated as

cM=cM+n/M) .
o joint process (¢, C}M) is Markov with extended generator Zqu@, c)

o EM[CM]ete = 1y(1), unbiased estimator for e*+* for large t

o Observing only the cloning factor with F(x, ¢) = log ¢ we get

L) F(z,¢) = m(z) (Ve — o) + O(%>

due to bounded clone event size n (A4)
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The cloning factor

Jump process (C’tM > 0) on RT with C’(])‘/[ = 1, where at each selection event
of size n > —1 at time ¢ the value is updated as

cM=cM+n/M) .

o joint process (¢, C}M) is Markov with extended generator Z?JF@, c)
o EM[CM]ete = 1y(1), unbiased estimator for e*+* for large t

o Observing only the cloning factor with F(x, ¢) = log ¢ we get

L) F(z,¢) = m(z) (Ve — o) + O(%>

due to bounded clone event size n (A4)
@ Martingale characterization provides new estimator
ct M ()M (u)

. 1
AM (u,t) := —lt)gW+F—AM(u t)+ —

+0(3r)
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Current large deviations for IPS

o IPS with generator Lf(n) = Z pu(nzmzﬂ)(f(ﬂZ’ZH) - f(n))

z€Ty,
+qu(nz, n-—1) (f(n>*~1) = f(n))

cont.-time jump process on state space E = NZ, NN dynamics with PBC

o finite state CTMC with fixed number of particles

= LDP for (A7) due to contraction  [Bertini, Faggionato, Gabrielli (2015)]
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Current large deviations for IPS

o IPS with generator Lf(n) = Z pu(nzmzﬂ)(f(ﬂZ’ZH) - f(’?))

z€Ty,
+qu(nz, na—1) (f(r>*7") = f(n))
cont.-time jump process on state space E = NZ, NN dynamics with PBC
o finite state CTMC with fixed number of particles

= LDP for (A7) due to contraction  [Bertini, Faggionato, Gabrielli (2015)]

o assume > u(n:,Mag1) = >, u(nz,n.—1) and p+g=1
total exit rate w(n) = ZZETL W(zs Nss1)
wk(n) = ka(n) where Qk = pek + qe—k‘
potential Vi (1) = (Qr — Dw(n)
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Current large deviations for IPS

o IPS with generator Lfln) = Z pu(nzmzﬂ)(f(ﬂZ’ZH) - f(’?))
z€Ty,
Fqu(nz, na—1) (f(n>*~") = f(n))

cont.-time jump process on state space E = NZ, NN dynamics with PBC

o finite state CTMC with fixed number of particles
= LDP for (A7) due to contraction  [Bertini, Faggionato, Gabrielli (2015)]

o assume > u(n:,Mag1) = >, u(nz,n.—1) and p+g=1
total exit rate w(n) = ZZETL W(zs Nss1)
wk(n) = ka(n) where Qk = pek + qe—k‘
potential Vi (1) = (Qr — Dw(n)

Example inclusion process with u(n,m) = n(d + m)
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Comparison of algorithms

00/

-06"

X cloning alg.

o algorithm MF

AN - —theory / 1
\
H A
-08 “06 ~04 -02
k

0.0

SCGEF for current fluctuations in a stochastic lattice gas

cloning algorithm W(l y) = Wi(y) — (:)+ + (Vk(@) —¢) ,c=0

mean-field approximation W (z,y) = (V(y) — V(x))

S. Grosskinsky (TU Delft)
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Comparison of algorithms
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Comparison of algorithms
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Conclusion

Summary

@ analyze and compare particle approximations via martingale characterizations

o adapt/generalize convergence results from sequential Monte Carlo

[del Moral, Miclo, Rousset,...]

@ rigorous version of recent heuristic results on cloning algorithms
[Nemoto, Guevara Hidalgo, Lecomte (2017), Guevara Hidalgo (2018)]

Work in progress/open questions

@ asymptotic covariances and convergence to a stationary Gaussian process

@ extensions and potential improvement of cloning algorithms

exploit freedom in McKean representations and particle approximations

@ numerical estimates for asymptotic variances
Thank you!
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